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NATIONAT. ADVISORY COMMITTEE FOR AERONAUTICS

TECHENICAL NOTE 3954

A THEORY FOR THE IATERAL RESPONSE OF AIRPIANES
TO RANDOM ATMOSPHERIC TURBULENCE

By John M. Eggleston

SUMMARY

The lsteral motions of an eirplane flying through continuous random
igsotropic turbulence have been derived in terms of (1) the transfer
functions relating the motion in the various degrees of freedom to the
yewing moment, rolling moment, and side force, (2) the statistical forces
and moments at the center of gravity due to gust velocitles acting on the
1ifting surfaces of the alrplaene, and (3) the power spectra of the three
orthogonal components of gust veloclty acting on the alrplane along the
flight path. The method takes into acecount the rendom varistions of
gust veloclty across the span and along the fuselage. Solutlions ere
glven in the form of equations relating the power spectra of the engular
motions of the airplane to the power spectra of the gust velocities.

Three airplsnes of different slze are used to demonstrate the method,
illustrate characteristic trends, and exhibit some simplifications pos-
sible in the calculations. For these alrplanes the effects of horizontal
gusts (that 1s, gusts parsllel to the flight path) and side forces due
to gusts on the airplanes were found to be negligible.

By using one of the example airplsnes, a comparison 1ls drawn between
the present theory and several less comprehensive theorles for calcu-
lating the effect of gusts on wings of finlite span and the effect of
gusts on the motions of the complete airplane.

INTRODUCTION

The classical theory of stabllity and control of airplenes has been
applied to the calculation of response to comtrols and response to gusts.
In the calculetion of response to gusts, however, the engle-of-attack
distributions which produced the forces and moments applied to the air-
plane by the gust have customarily been assumed to be equivelent to those
resulting from a riglid-body motion of the ailrplene. This method was
applied in NACA Report 1 and other early reports (ref. 1) in the study
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of the longitudinal response of airplanes to gusts end in reference 2
to the calculation of the lateral response to gusts. Becsuse of the
method of accounting for the effect of the gusts, these analyses were
restricted to the consideration of the effects of isolated gusts of some
specified shape. Most early developments in the theory of response to
guste were sttempts to accoumt for factors which were importent in the
calculation of loads. For example, the calculation of loads due to
vertical gusts was extended in reference 3 to include the effects of
unsteady lJift and of flexibility.

In the early methods of calculating gust response, the anelysis did
not include such factors as the penetration effect (e result of the
penetration of a given gust at different times by different parts of the
alrplane) and the variation of gust velocities along the fuselage and
spanwise directions. In recent years, some attempts have been made to
include these effects without changing the basic method of epproach. In
reference L an approximate method was introduced for estimating the
penetration effect in the calculation of longltudinal response to gusts
by teking into sccount filrst-order effec'bs of the time lag between the
penetration of the gust by the wing and 'py the tsil. The method used
was similar to that introduced in reference 5 for calculating the effect
of lag of downwash., A simllar spplicatidn of this concept to the calcu-
lation of lateral response to gusts was presented in reference 6.

A more resligtic treatment of random disturbences in the atmosphere
was mede posslible with the introduction of a method of calculating the
statistical response of an airplane in bterms of the statistical proper-
ties of astmospherle gust velocitles. This method, known as statistical
dynamics, was first applied in reference 7 to the measurement of the
longitudinel response of an elrplene to random vertical gusts and has
since been used extensively 1n longltudinsl gust loeds studiles.

A theoretical enalysis for the statistical latersl response of an
alrplene to gusts was glven in reference 8 where, in order to approximate
the effects of the span, the turbulence wes considered to be represented
by a combination of rolling gusts end side gusts having arbitrery distri-
butions along the flight path. With this representation of turbulence,
however, the question arose as to the relative magnitudes of the rolling
and side gusts which would setisfactorlly represent atmospheric turbu-
lence. In reference 8 the assumption was made that an arbitrary gust
distribution across the span could be represented by a constant anti-
symmetric gradient which was assumed to be equal to the gradients extsting
in the ¢orresponding distribution of side gusts. Experimental flight
measurements of reference 9 indicated, however, that the measured gradi-
ents of vertical gusts across the span dicl not agree with the theoretical
calculations of reference 8, end the assumption of nonisotropic atmos-
pheric turbulence was employed in ord.er to fit the theory to the flight-
test results.
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A more realistic method of utilizing stetisticel dymamics to take
into account rendom gusts both along the flight path and across the span
was reported in reference 10 in outlining a means of calculating the
longitudinal response of an eirplene. The snslysis wes conslstent with
isotropic turbulence and required only the statistical gust distributions
measured st one point in the turbulence.

Therefore, with the advent of stetistlical dynamles and more realistic
means of analyzing the random distributions over the airplane as well as
along the flight path, the originel methods of treating gusts no longer
appear to be Jjustified. Furthermore, although i1t would be desirsble to
continue to trest the effects of gusts as equlvalent to certaln rigid-
body motions of the airplene, such treatment is not consistent with
statistical gust inputs. The forces end moments omn the alrplene rather
than the resulting motions ere statistlically related to the gust 1nput;
that 18, = reandom distribution of gusts across the span and along the
fuselage of en alrplane will produce changes in forces and moments which
are related to the gust velocities along the flight path only in a sta-
tistical menner. The purpose of this peper is to establish the statis-
tical relations between gust veloclitles and the forces and moments
affecting the latersal motions of the alrplene and to use these forces
and moments to campute the lstersl motiom.

In preparation for the celculations of the present report, two pre-
ceding papers have been published. One of these papers (ref. 1l) con-
tains a method for celculeting the side force and yawing moment on the
fuselage and tell of en airplane in continuous gusts. The other (ref. 12}
presents the latersl forces and moments on a wing due to three-dimensionsl
random turbulence for & number of wing load distributions and for wings
of various spans. This work (ref. 12) is an extension of the theory
glven In reference 10 for defining the 1ift on a wing due to random
turbulence.

This paper presents a method of utilizing the statlstlcal forces and
moments derived 1n references 11 and 12 for the calculation of the latersl
motion of an alrplane in any laterasl degree of freedom due to atmospheric
turbulence. Firat, the governing equations sre derived and the power
spectral solutions of the motions are glven in terms of linear airplane
transfer functions, statlstlical force and moment coefficients, and power
spectra of the three orthogonel components of atmospheric gust veloeity.
General expressions are given or referenced for each of these independent
functions. Next, solutlons for three alrplanes are shown wilth trends and
possible simplificetions noted. Finslly, a comparison is made between
the results of the present theory and those of earlier theories, both by
compering the gust dlstributions required to produce equivalent sirplane
motion and by compering the alrplane motions for the seme assumed gust
characteristics.
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SYMBOIS

A constent used in references 6, 8, and 9 to indicate relative
amplitudes of power spectra; aspect ratio (teble II)

B matrix of equations of motion of airplane

b wing span

b nondimensional opereator, %a‘% _

E(wg) plot of %1 of reference 12

T arbitrary function of time

F Fourler transform of a guentity

hP pressure altitude

h, height of center of pressure of vertlcal tail above X
stability axis of alrplane :

1 =y-1

kn = axn /U -

k' = aL/U

K arbltrary constent

Ky nondimensional redius of gyration ebout X steblllty sxis

Kz nondimensional radius of gyration sbout Z steblillty exis

Kxz, nondimensional product of lnertia

Ty tall length measured from center of gravity to center of
pressure of vertical taill . __

L integral scale of turbulence .

m,n . arbitrery terms which mey teke oh velues 1, 2, 5 . . .

P rolling veloclty, ¢

q dynamic pressure
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r yawlng veloclty, 1|r

R real part of camplex quentity

3] wing area

8 profile height (see eg. (k%))

t time

T particular value of time

V) relative veloclity between alrplane and generel sir mess

e

veloclty along X stablillity axis

v velocity along Y stebility axis
w veloclty along Z stabllity exls
W welght of ailrplsne

X,Y,2 three orthogonal stebility axes (see fig. 1)

X,¥,% coordinate position with reference to stabllity axes
Cy, 117t coefficient, I%E

Cc, rolling-moment coefficlent, Rolli:gbmoment

Cn yawing-moment coefficient, fawing qumcmen'b

Cy side-force coefficient, Sl qu oL

Cho coefficlent of draeg at zero 1lift

@ angle of attack

B engle of sideslip

B! = b/L

r effective dihedrsl angle
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7 flight-path angle

e angle of pitch

A teper ratio

n relative density factor, ‘%ﬂ;ﬂ-

p density of atmosphere

o sidewesh angle

¢ engle of roll

¥ angle of yaw

W clrcular frequency

o' reduced frequency, ab/U

'y neturel reduced frequency

¢r power spectral density of a fxmci';ion £
°f1f2 cross-pover spectral density of functioms f; and fo
C.P. cross power

Steblility derivatives of alrplane ere indiceted by subscript notation;
for example,

|20 e L%y
Cy., a(i%) Ong a(%) Cyq a(%)
Bubscripts:
W wing
F fuselage
T vertical tell
FT fuselage and vertical tail , _.

g gust
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o trim condition

J,k,m generelized matrix subscripts

Superscripts:

* conjugate of a complex number

Bar over quantity denotes mean value.

Dot over quentity denotes derivative with respect to time.

Matrix notatlons

| l gbsolute value of & quantity (determinant of a matrix)
rectangular matrix

colum matrix
TATERAT, EQUATIONS OF MOTION

Systems of Axes and Description of Turbulence

The motlions of ean alrplene flying through contimuous atmospheric
turbulence are defined as engular dlsplacements, retes, or accelerations
gbout a set of stebility sxes (with respect to the general air mass, the
X stabllity exls 1s alweys alined with the projection of the resultant
mean velocity on the plene of symmetry) whose origin i1s fixed at the
center of gravity. These stablllty axes have some mesn orlentation with
respect to the body axes of the ailrplane denoted by the angle oy in
the XZ-plene. The generel orlentatlon of the stebility axes of the air-
plene wilth respect to the gust velocities and with respect to the body
and esrth exes ieg shown in figure 1.

At each position along the flight path of the sirplene the insten-
taneous velocities of the local alr mass, hereinafter designated es gusts,
are instanteneocusly defined by three orthogonal components of velocity
alined with the stabllity axes of the alrplane at that position. The
gusts are egssumed to be essentlially isotroplc in nature, and their sgtatis-
ticel characteristics remaln unchanged regardless of the motion or
orientetion of the sirplene. Thlis assumption 1s impliclt throughout

thls paper.

Furthermore, the assumptlon 1s made that, during the small interval of
time in which each gust acts on the alrplane, the gust veloclty does not
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change appreclebly. On this basis the three components of gust veloeclty -
alined with, but of opposite sign to, displacements along the stabllity
exes of the airplane - are functions only of thelr space position along
the flight path. With reference to the center of gravity of the airplane,
these gusts are denoted by '

ug = ug(x,y,z)
Vg = vg(x,y,z)
Wg = g(x:y:z)

The orientation of the gust axes is shown in figure 1(a).

The assumption of isotropy further relstes these velocltles only to
the extent of

where the bar denoctes the mean value.

System of Equations

The lateral equations of motion of an alrplane defined in the
stabllity system of axes are generally well known. Bssed on these equa-
tions of motion, the frequency response of an eirplane 1n its three
lateral degrees of freedom is defined by the matrix

¢ 3

)
b | L %(w) % (o ez

~
|

(1)

N

@) = | L) %(m) X ()| 4 Calo)

B B £
LB (w)J ch (w) c;n(m) (w)- Lcy(aa)J

In equation (1) the ratios @/C;, V¥/C,; and so forth, are complex transfer

functions of the sirplane and relate the response of the sirplane in @,
¥, and B to 2 sinusoidal rolling moment, yewing moment, or side force
of unit amplitude. These moments and side force are functions of the gust
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velocities referenced to e point (the center of gravity of the airplane).
The necessary phase relstions between these forces and moments and the
gust veloclitles at the center of grevity are teken Into account by
expressing C3, Cn, and Cy &as complex quantitles. In terms of the
gust velocities at the center of gravity, the lateral-force and moment
coefficlents may be expressed as follows:

'8 y [ N

W) (o) e o) fuge

Ve
Gl = | B Be )@ (2)

erlal| [ Fo) Fe)  Fa) [vgla)

Vg 'W'g J L )

In equation (2) the elements of the rectangulsr mabtrix are transfer
functions relsting the forces and moments to the sinusoldal components
of gust veloclties of unit amplitude measured et the center of gravity.
Inesmuch es some of these forces and moments arise as a result of gust
velocities distributed over the alrplane, which are, in turn, related to
the gust components at the center of gravity only in a stetistlcal sense,
these transfer functlons are likewise statisticel In nature end are later
expressed in the form of power spectra.

With the foregolng restrictions the complete relationship between
the frequency response of the airplsne in the three lateral motions and
the gust velocltles 1s given by the matrix equation

- aTF ar }
() ¢ ¢ gllc C C
() € GCn Oy ;‘} ;;- w—,lg us(m)
¥
frap - |X X L & & Ao (3)
s«»)} £ & 2 g-; ‘;’g % wg@)J

Thus, the moments due to the gusts and those due to the resulting
motions asre superposed. The equations of motion of the elrplane are
assumed to be linear within the range of this resulting motionm.
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Power Spectral Response

Inasmich a8 turbulence in the atmosphere appears to be random, the
gtatistical response of an airplane mey, in general, be predicted in
terms of the power spectral densities and mean-square values of the gusts
in the atmosphere. An excellent summery of this field of dynamics is
vresented in reference 13. From the relastionship (eq. (3)) between the
gust velocities end the motlons of the alrplane in the fregquency domain,
the relationship between these quentities in terms of power spectra and
cross-power spectra mey be readlly defined.

A quantity (herein denoted, in general, by the symbol £(t)) which

hes & random veriation with time in the renge -T StST and is zero
elsevhere is related to its Fourler transform F(w) by

T
Flo) = & [ £(t) e 10% gy ()
T
where, in turn,

29) = 3 [ Fa) ¢ an (5)

The power spectral density of the quantity is defined (see, for
exsmple, ch, 6 of ref. 14 or appendix of ref. 9) by

0p(w) = lim % F¥(w) F(w)

T
2
- Tlin;% KHOY (6)

vhere ssterisks are used to denote the complex conjJugate of a gquantity
and the term % indicates that the spectra ere symmetricel end only

positive values of o are considered when teking the average value.

When two related quasntities are measured concurrently (for example,
when the yawing and rolling moments due to each gust component are
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measured at the seme values of time), a cross-power spectral density
exigts between these two quantities. Where the frequency content of
these two quentities is defined by

P
Fi(a) = % IT £1(t)e" 10t g4 |
(7N

m
Folo) = & [T 1:'2(1-.)3"1‘Dt at

the cross-power gpectrel density 1s defined by

Op. ¢, = Um L P *¥(0)F
1fa " p, T (@) Fa ()
or

0p Py = _;imw% F2*(m) Fl(cu)

= & % (8)

The slgnificance of this cross power lles 1n the fact that, 1f the quan-
tltles are relsted, a certain interchenge of energy tekes place between
them and the amount of this Interchange 1s defined by the cross-power
gpectrum.

In the special case where Fy and Fy are the same function and
are not removed in time or spece (that is, £9(t) = £5(t)), equations (6)

and (8) are identicel and the cross power of f with iteelf 1s, in
fact, the power spectrum.

Tese definitions may be found in most texts and in & number of
papers on power spectral analysis, among them references 9, 13, and 1k,
On the basils of the preceding discussion, it may be shown that if each
complex equation of the system defined By equetion (3) is multiplied by
1ts conjugete equation, dlvided through by the quantity T, and the
ldmit a8 T-o= teken on both sldes of each equation, then the system
of equations, by definition, 18 In the power spectral form. The power
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spectra and cross-power spectra of the variables may be recognlized and so
denoted, the spectra and cross spectra of the gust velocitlies being
unknown varlebles. An example of this operation 1s shown in sppendix A.

By using this or any other sultable method of power spectral analy-
sis, the system of equation (1) mey be defined in terms of power and
cross-power spectral densities such that

o 1 120 127k [ @ @)
- B L (g =) % @) fng
o BRI (@ @ @

(9)

where 2R means twice the real part of the product of the two matrices.

On the right-hand side of equation (9), the product of the first
two matrices is the contribution of the power spectre of the forces and
moments, and the product of the secord two matrices is the contribution
of the cross-power spectre between the moments and forces produced by
any one gust component and also the cross powers between the forces and
moments produced by any two gust camponents. The powers and cross powers
of the forces and moments may, in turn, be related to the powers and cross
powers of the gust velocltles. In so dolng, & great simplificetion is
obtained when atmospheric turbulence ls consildered to be isotropic
within the frequency range affecting the response of the alrplane.

By virtue of the assumption of lsotropic homogeneous turbulence,
the phasing between the ug and wg components and the vg and
Wg components 1s unrelsted and the cross poWer of the components is
zero. The phasing between the two gust components lying in the XY-plane
of the airplane, thaet 1s, ug &and vg, 1s unrelated when these veloci-
tles are measured et a glven spanwise station (for exsmple, along the
airplsne center line) but is related when ug at one spanwise station
is compared with Vg et another spenwlse station. However, the effects
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of the cross power between these two coamponents are assumed to be
insignificent, end Justification for this essumption is made 1n a sub~
sequent section. Thus,

@ugvg(w) = Q"g"g(“’) = owgug(m) =0 (10)

By the method of multiplying by the conjugate and taking the limits,
the matrix relstionship of equstion (2) is Gefined in the form of power

spectra by

) rcl2 ¢, |2 012“ ’
0 = — = |t
Al lml e el [
2 2 2
il - - I .
2 2
Cy
°°YJ l% % ,ﬁ %J

Likewise by cross-multiplying the equations in the matrix of equa-
tion (2) to conform with the definition of & cross-power spectrum, the
cross spectra between the forces and moments sre glven by the matrix

w8 @ @

4 Vg 8/ Vg
oo % (% @

cy\ oy cy\'e, cy\*c,
o) (@2 @2 @2 o

A proof of the relationships of equations (11) and (12) 1s glven in
appendix B.
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Correlation Between Alrplane Components

Generelly, a force or moment acting on or about the center of

gravity of the alrplane is due to the penetration of the gust by each y

component of the eirplane, and the correlation or phasing between the
development of these forces and moments must be included. Complete
generslization to all possible combinations of components would leed
to lengthy and unnecessary expansions; however, all lifting surfaces
which might reasonably be expected to contribute significantly to the
latersl motion of the alrplane as well as the components of the .gust
velocity that will significantly influence the forces and moments on
these lifting surfaces ere incorporasted. For some unusual configura-
tlon where other 1ifting surfaces are thought to be important, the
method of including these factors is clearly indicated.

The force and moment coefficlents vwhich inelude only those funec~
tlons deemed pertinent to the latersl motion of the alrplane sre defined
by

C'l.(ugsvgawg) = (C'L)W(ug:vg:wg) + (CZ)T(Vg)
Cn(ug,vg,vg) = (Cnlw (ug,vg) + (Cn)Frivg) | (13)
CY(ug,Vg:wg) = (CY)FI'(Vg)

J

In terms of the complex force and momen'l: derivatives, the force and
moment matrix is thus defined by - ~

r("z)ww (%), (% (% “ '
€1)z 0 G’% o 'qu

dlca (= (%L o ()l (14)

Calem | © (%)ﬂ | (e

e |0 (ke
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)

By the seme method as was spplied to equation (2) to obtain equa-
tions (11) end (12) (multiplying by the conjugate and teking the
1limitsg), the power specira and cross-power spectrs of the force and
moment relstionships of equation (14) are immediastely definsble as

( ) rc 2 cq|2 c4]2
*(e)w élw V_; W é W
C1 2 ( 1
Y ° ﬁlT ° | e
2 2
P Caw - l%lw ° % W[4 e[ ()
°(c'n FT FI];T ° QWS
L
Cy
<I>(clf)l“l' "sIIT 0
\ J L i
r'(cz)w(cz)w ‘ o (%:):(%:)T o
o | [20B 0 (TR
*c)w(Calye ° (gz‘):(%),., °
*cr)wicr) e ° (:—:):(%)ﬂ o
$(c1)m{calw o ° o o
J eomere (= © (@, o |l (16)
*tci)ztcore 0 (%):(—3’- o e
*(Ca)w(Cn) r 0 0 0
*en)wlonre 0 ° °
| Hour(erin 0 (%‘;);(;"f)ﬂ 0
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The complete power-spectrel-density relationships including the
lateral moments end forces due to the verious 1lifting surfaces of the
alrplane sre similar to those glven in equation (9) with the quantities
defined in equations (15) and (16) inserted. When the left-hand side
of equation (15) is denoted by {°°J} end the left-hend side of equa-

tion (16), by {“‘0.101;} j#xs the complete relationship is defined by

fod - (1] 3+ =& S e

where ¢h 1s @, @ is V¥, and so forth. The complex force and

moment derivetives contained. in equation (1ht) were derived in such a
menner that the phase relationships between the moments and the gust
disturbances are glven with reference to gusts asct at the center of

gravity. For this resson, the transfer functions Ci are those given

J
in equation (1). As an fllustration, the total response of the airplane in
roll is obtained in the following form:

2
[y {"(Cn)w + °(Cn)w} *

2
%I Y(cydyr *

d 2
og = lc_z {°(Cz)w + °(01)T} +

[(gi)*'cgi Y(crdwlcy)r * <¢ )*¢ ®(cr)wlcnlw *

(‘c%)*% *(crw(Cn)rr * (%) E¢§ *(cuw(oy)rr *

<g?)*¢ %(ci)pca)pr * (&L)*% *cr(cy)pr *

(&)*& ®(cy) pr(Cy)pp + 3 Zero 'berms] (i7)

Other degrees of freedom mey be obteined directly by replacing @ with
the gppropriate symbol, such as ¥ or B.
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By substituting in equation (17) the expressions for the power and
cross-power terms of the force end moments from equations (15) and (16),
the motion is defined in texrms of the gust velocities:

+|%] g + |%| “org (18)
where ) .

< R <] o
g |2 g 1213c; 213042 3 2[ocy]2
d I ek &l [rralen * [52] oo

a{(asgi‘(acz)ml _i (e )ﬂ@jﬁr)m( )%4.

), - Ee -

dve Ju\d % o) o

.- EEyd e
£ ey @

Thus, the response of the alrplane in any degree of freedom depends
on the power spectra of the three gust components, the elight complex
coefficients of equation (14) which relate the gust velocities to the
forces and moments, and, for each degree of freedom, the ‘three complex
transfer functlons relating the motion to a sinusoidal rolling moment,
yawing moment, end side force of unit amplitude. These coefficients,
transfer functions, end power spectras are defined in subsequent sections
of this psaper.
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Transfer Functiona

The leteral equations of motion usually accepted for the rigld
dynamics of an elrframe for which noncoupling with the longitudinel mode
and all essumptions associated with small perturbations ebout a trim
conditlion are velld are glven by the matrix

[ 1 ]

¢ Cz(ug,vg,wg)
[B] 1V = < Cn(ugsvg;wg)

———

(22)

BJ Cy(ug,vg,vg)
L L .

vhere

2
Cy,D -2uKpD” - 2 Cy D ~Cy

[8] = [-2uxxz0® - % oo 2uKz°D" - § On,D ~Cng

-3 0y D - 0 (a;-%cYQD-cL_tany 2D - Oy,

’ (;5)

The solution, in terms of the rolling moment, yawing moment, and side
force may be found by methods of operational calculus. One method is_
used by Mokrzycki in reference 15 where, except for the sign of Kyy,

the identical equations of motion are used but with moments from
aerodynamic-control surfaces as foreing funetions. Another means of
solution 1s through matrix slgebra where the solutlon as glven by equa-
tion (1) is of the form

¢ ) ( )
¢ .101
Ywr=[8 foaf (2h)
B
L) LG!J

wvhere

(5] - Adotzt [31] (25)

[2]
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The prime denotes the transpose of the metrix B. Such a method is
found in reference 16 and other texts on matrix slgebra. The solution
by elther method glves the complex transfer functions with real constant
coefficients of the powers of D. With the common denominator denoted

by |B| (equivalent to DA of ref. 15), the trensfer functions ere
given by

c% = [hualczan3 - u(zxz,zo!s * c,,r)n2 + (-’5 Ca, O, + 240y, - 2 cnﬂeyr)n -

1
Gl ten 7] 5] (26)

-:; = [’-I-paszD3 M (cnp - zcxzcyﬂ)n‘? +1 (cnscrp - GYBCDP)D "

L

B (2

-

2 2
&- u[—Esz( -3 cyr) + Kz Oyp|D° - [-axcL(sz ten 7 + Kg) +

%cnp(at-%crr)ﬁcrp%r_vﬂ%(%mr-Cnr)v &
(28)

'c% = [upalc_xzf + u(Czr - 2KXZcYB)D2 - (% Cy,Cyp + 240y, - = GrrCzB)D +

CaCr, tem 7] T (29)

% - [huexxzn3 - “(Czp + mcxzcyﬁ)na +2 (Czpcrﬂ - bzﬁcrp)n - c;ﬁcL] l'%l'
(30)
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SN A —
% CyCyy + 2uKy 20y ten y)D2 %L-(czr Cyp ten 7)D} I—Jlif (31)

% - -[2;1(1(2,2013 + szan)Dz + %'_(clrcns - canIB)D] T%T (32)

C‘ly [ (Kx Cag +szCzﬂ)D += (chnp cnﬂczp)} -ILI (33)

E@E = {hua(KxaKza - K?)o* - u[Kxacgr + Kz (O + Oy ) + Kzaclp]n3 +
(Czpcnr - clrcnp) }ii (34)

3] = &’ (KxaKZE - KXZ'E)D5 - aze[xxa(ac'zzcyﬁ + cnr) + Kzac,p + sz( +

o, = 2, | + o2 (or,0, - O,015) + 6 (PG + Mg -
Or,Oag ) + 30255 - oty + Kx_z(cyusczr + Oyl + 4Gy -
e - crpcnﬁ)] o -@CL[M 7 (X4%00p + Ty + 17203, +
] + & (Ot (Coete - Ongoe) + 01 FouO, - OOy +

a5 Cr:2y - Ot )] * Gl - “ns%)}”z 3 [’““ 7 (G -

C1gCnp) * C1glor - cnﬁczr]n (35)
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In eddition to the angulsr-displacement transfer functions glven
here, the response in terms of the derivatives of the angular displace-
ments mey be obtained by multiplying both sides of equations (26) to (34)
by the operator D. For example,

&-bog- %[a"(Kxecna + KirPagp” + 3{C140np - cnsclp)na:[T%T
(36)

For the frequency response of these transfer functlons, the operator

o
0
=]lep
=

=h = 1
oo = 1o (37)

where o' 18 the reduced frequency in terms of radlens per spen length.
Thus, the transfer functlons relating the dynamics of the airframe to
the lateral forces and moments esre obtained from the inertisl charscter-
1stics and stabillity derivatives of the alrframe under steady flow con-
ditions (thet 1s, nonturbulent flow conditions).

Complex Moment and Force Coefficlents

The moment and force coefflclents which relete the rolling moment,
yawlng moment, and side force to a sinusoldal gust veloeclty of unit
maximm emplitude acting in plsnes of (but of opposite sign to) the
reference axes of the eirplene are, in general, frequency-dependent,
and only their statistical average properties are definsble. Their
derivation 1s based on generallzed harmonic analysis and basic aero-
dynemic theory. Where the derivetion is lengthy, only the results of
referenced papers are given or indicated. Furthermore, only those elght
coefficlents necessary to equation (14) are defined. All others are
consldered as having small or negligible influence on the results.

Rolling moments.- Four contributions to the rolling moment on the
elrplane are considered. They are the rolling moment of the wing due
to all three camponents of gust veloclty asnd the rolling moment due to
the side gust acting on the vertical tail.

In reference 12 are derlved the power spectrsl densities of the
rolling moments of a wing in isotrople turbulence due to horizontal,
vertical, end side gusts (that 1s, the three components of gusts con-
sidered herein). The theory considers random turbulence across the span
as well as along the flight path, and the results are given for several
span-loading distributions and for a range of values of the ratio of
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span length to the integral scale of atmospheric turbulence. The power
spectra of rolling moment given in reference 12 are not repested herein
but are simply releted to the notation of this paper:

2 .
I%IW °ug(‘°) = 0, (due to horizontel gusts, ref. 12) (38)
0q|2 -
Eélw ng(m) = &c, (due to vertical gusts, ref. 12) (39)

For the slde gust vg, the random variation along the flight path

wes assumed to be uniform across the span, an sssumption thet is partic-
ularly valid for eirplanes heving wing loeding due to sideslip concen-
treted over a small region of the span near the plane of symmetry. Such
an essumption is likewise made herein, sc that

(S2) = $62e) o)

1s essumed to be independent of frequency.

The vertical-tall contribution to the rolling moment is defined by

(eornto) = (3), on 22 OO/ | (o, ) va e (3] Aol

and, hence,

c by da\ | =1 (1ew/U)
(;-:)r(aa) = | (erg)s b_U<ll . a_;.) e (42)

Thus, the rolling moment due to side gusts may be directly calculated
from the known characteristics of the airframe in still air, and the
rolling moment due to horlzontal and vertical gusts msey be cbtained in
power spectral form from the plots of reference 12. The fact that the
real and lmeglnary parts masy not be ascertained for the rolling moment
due to ug end wg components is shown to be lrrelevant; that is, the
real and imaginery parts, as such, are not necessary to the calculation
of the cross-power terms involved in cslculating the response of the
alrplane.
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Yawing moments.- The yawlng moments due to the Ug and Wg Ccompo-

nents of the gust are primerily due to the umsymmetrical distribution of
these gust velocities across the span of the wing. Since this unsymmet-
ricel distribution 1s the same characteristic of turbulence that produces
the rolling moment on the wing, the yawing moment may be feirly accurately
related to the rolling moment through serodynemic relstions. As glven

In reference 12, the expressions for the yawlng moment of the wing due

to small horizontel- and vertical-gust disturbances are

(& 2) @ - (o )("‘)ﬂ() (12)

Ge-EEe o

where Cp,,, Czp, end so forth, esre stabllity derivatives of the wing

only at the trim (mean) angle of attack of the airplane end, as such, are
not functions of frequency. Any yawing moments of the wing due to side
gusts are neglected.

The yewling moment of the fuselege and vertical fin of an airplsne
due to penetration Into side gusts Vg has been derived in reference 11

by using a simple proflle shape to define the 1lift distribution over the
fuselsge and vertlcal taill due to sinusoidal side-gust components. As
given ln reference 11,

2
€n B -2x48 : 2 -1kg ]
(Bt - 5 —2?;*[(2‘*0““0 M

(%2 - x1) (%1 - 20)° [2 e -1
(kp - kl)3 (ke 1
1k ky + ik22)e-ik2 - (& - 12)e-ikl] (1)

where Xg, X;, Xp, B8g, and 8y are geometric dimensions of the
profile shape and frequency eppears in the form

kp = —== (n=0, 1, 2)
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For eny given flight condition for which the exact value of an

is known, it is recommended in reference 11 that small adjustments in
the profile shape be made so that at zero fregquency

(?—;)H(‘FO) = %(Cng)m

S8ide force.- The side force on an airplane in gusts is considered
to be primarIly due to the effect of side gusts on the fuselage and
vertical fin (the profile shape) of the alrplane. By using a simple
profile shepe. and slender~body theory to define the 1lift dlstribution
over the fuselage snd verticel tail due to sinusoidel side gusts, the
slde force per unit side gust as derived in reference 1l is

Cy ox | 2802 11‘0] 81 - so\F[ -1k
(v;)m<“’=§r’§ ;é[l' (1 - tkole. *(ke—-—kz) [ -

'”‘2] (15)

(1 - 1k + ikp)e

vhere the notation is defined 1n the preceding section. Agaln 1t is
recomnended that small adjustments be made in the representative profile
shape so that at zero frequency

(%[)m(apo) = 50t

g

where CYB - is known from flight or wind-tunnel tests for the desired
£flight conditions.

POWER SPECTRA OF GUST VELOCITY

As discussed in reference 17, the relsticmship (correlation) between
gust velocities measured at two points.in isotrople turbulence may be
completely defined In terms of their lateral end longitudinal components
(components measured perpendicular and paerallel, respectively, to the
vector distance between two points). As treated herein, the airplene
senses only the lateral components of the vg and wg gusts and both
the lateral end longitudinal components of the ug gusts. (See preceding

section end ref. 12.)



NACA T 3954 ' 25

Both theoretical methods (ref. 17) end flight measurements (ref. 18)
have shown that the followlng expresslon approximates the spectrum of
letersl components of turbulence in the atmosphere over the frequency
range effecting the dynamlc response of an alrplane:

L 1+3(k)2
WL e n2]?

Its horizontel counterpart has the spectrum

I 2
. U1l + (1:')E

where X' = %-L end L is the integral scale of turbulence. The

value 2xL. may be considered an epproximate measure of the averege
eddy size in the turbulence. The data of reference 18 further indicate
that L 1s on the order of 1,000 to 2,000 feet, end probebly closer
to 1,000 feet.

The foregolng expresslions, having asymptotic logerithmlic slopes

of -2 for values of k' — «, were first suggested In reference 19 on
the besls of wind-tunnel data end have since become generslly accepted
as reasonable expressions for defining the power spectra of latersl and
longitudinal components of isotrople turbulence. Therefore, these
expressions normalized by the mean-squere values ere used herein as the
basis for calculetions involving the components of atmospheric gusts as
sensed at the center of gravity (point spectrsa):

g _ g L 1+ 3()?

ol B P -
% o Pwe: 1)
vhere
uga _ vga - wgz

L =~ 1,000 feet
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In the calculatlons of reference 12, which involved the gusts sensed
by e wing heving finite span, equations (l|-6) and (47) were likewlse used
80 thaet the data of reference 12 and this paper are in accord as to the
spectre of gusts. However, equation (47), as such, is not used dlrectly
in this peper and for this reason only equation (46) is plotted herein.
The varistion of equation (46) with k' is shown in figure 2.

APPLICATION OF METHOD

Iateral Response of Three Alrplanes

The equations which define the power spectral response of an air-
plene to atwmospheric turbulence (eqs. (18) to (21)) have been applied
to three alrplenes of verying size and wing spen. The flight conditions
end stabllity derivatives of the example airplanes are given in table I,
and some physlical dimensions necessary to the calculation of frequency-
dependent force and moment coefficlents are glven in teble II. Some of
these physical dimensions require reference 11 for their concise defini-

tion (8g, 81, Xg, X7, and xp).

By using the date presented in teble I, the transfer functions of
equations (26) to (35) were ca.lculated. For discretely chosen values of
reduced frequency o', the in-phase and out-of-phase (reel and imaginary
parts of the transfer function) components were evaluated with a relay
computer. Care was teken to choose as one point the natural frequency
of the Dutch roll mode.

By using the date of table II the complex moment end force coef-
ficlents (egs. (38) to (45)) were evalusted at the same values of fre-
quency as were used for evelusting the trensfer functions. The rels-
tionship

aib

' = —

vas used to relate circular frequency in radians per second to reduced
frequency in redians per span. The evaluation of certein of these coef-
ficients requires further explanation.-

The varistions of (Eg) (eq. (bk)) end (gx)n (eq. (45)) with
g
frequency sre plotted in the figures of reference 11 for the example
airplanes of this paper with one adjustment:

Cn per unit side gust (ref. 11) = U(;CE)H
g

Cy per unit side gust (ref. 11) = U(%)m
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The designation of example alrplanes for this paper and reference 11t is
consistent.

The two rolling- and two yawing-moment coefficlents due to ug

and Vg components scting on the wlng were teken directly from the

figures of reference 12. Since these four ccunplex moment coefflclents
represent the spenwlse Integration of the power spectre of the horlzontal
and verticel gust camponents, they appear in reference 12 only in the
form of the ebsolute velue squared, whereas equations (19) and (21)
appear to require thelr real and imaginary components. However, by
substituting equation (42) into equation (19), the expression for the
motion due to horlzontal gusts becomes

£ - e~ 1 - = ) @)
and since
¥z = |z|°

the equation becomes

ICzI 1l ( r) +m(§nr)"() | (1)

c
where only the square of the sbsolute value of (E;')" appeers and the

product

°u.g %, (due to horizontel gusts)

is plotted in figure 9 of reference 12.

In the parallel evaluation of the motion due to vertical gusts, the
substitution of equation (43) into equation (21) yields

SIP_NA1E, 1815\, e lem) () 8] |02
‘ CZPW+ZR Clpw(cl)cn VWalw (9)
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where the product

2
C
—1' =9 due to vertical ts)
Vg e = %y ( r gus

is plotted in figure T of reference 12.

Inesmich as the figures of reference 12 are plotted egainst k',
the relationship '

oL _ o _ o
k! = =2 e a3 =
T = pu” B (50)
vhere
'=P.
B L

vwas used in the compeatible choice of frequencles. Since the ratio of
wing spans between the three example airplanes is on the order of

bA:'bB:'bc m 1:2:35,.3%
the values of pB' were taken as
B'p = 0.03125
B'g = 0.0625
B'c = 0.103

which correspond to a value of I on the order of 1,100 feet. A
rectangular span load distribution was used for alrplane A and elliptical
span loed distributions were used for airpleanes B axnd C. 'This cholce was
a matter of convenlence since the plots of reference 12 indicate only a
minor effect due to span loading distribution.

The power spectral responses of the alrplanes were completely cal-
culated in three degrees of freedom, @, V¥, and B, by using the power



NACA TN 3954 29

spectra of the gust components given by equation (47). Anguler displace-
ments of the alrplenes are shown 1ln figures 3 to 11 as follows:

Airplane Anguler displacement Flgure number
¢ 3
A ¥ L
B >
] 6
B ¥ T
) 8
4 9
c ¥ 1o
B 11

In the (a) perts of flgures 3 to 1l are plotted the three components

and the sum for that particular angulasr displacement as expressed by
equation (18). As msy be seen from these figures, in none of the cases
consldered does the u component of gust velocity contribute perceptibly
to the resulting motion., Therefore, in the (b) parts of figures 3 to 11
are plotted the relative contributions to the motion of the terms due
only to the v end w components of the gusts. The (b) part of each
flgure then is a plot of equations (20) and (49) (where eq. (49) is a
modified form of eq. (21)) end, as such, does not include eny power-
spectrun terms. For instance, the three components due to vertical
gusts wg shown in each (b) plot have been summed, multiplied by the
power spectrum defined by equation (39), and plotted in the (&) part

of each figure. The ug and Vg contributions were treated likewlse

with the exception that the components due to ug are not plotted in
the (b) part of each figure.

Flgures 3 to 11 sre plotted In this memmer to permit observation
of the end results without undue complication. When the relative magni-
tudes of the contrlbuting forces and moments are of particular interest,
the (b) parts of the figures may be studied more closely.
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Since in order to obtein the (=) pa.rts of these figures, the
Wwg campcnents are multiplied by l—l‘ ow and the vg components
multiplied by °v s 1t should be no-bed tha.t in the (b) perts of these

figures the units of the Vg componentszare dimensionless while the

v c onents have the unlts .
g °o® (ft}eec )

The p response plotted in figures 5, 8, and 11 is the angular
displacement with respect to the generel air mass (that is, still air
or fixed axes) end as such does not include the displacement with respect
to the local air mass (gusts).

From these exsmple ceses and figures, conclusions may be drewn on
characteristics of method, trends, snd further simplification of the
calculations snd a comparison of results from other methods of analysis
mey be made.

Anslysis

Characteristics of the method.- In applying the method of this
peper, several charecteristics appear to be worthy of speclel attentlon.
The first of these is the importance of calculating the response of the
airplene at the exact frequency where the Dutch roll mode has a meximum
semplitude. 8ince the Dutch roll mode is generall,y lightly demped and
the square of the amplitude is required in the calculastions, the power
spectral response of the angular displacements of the alrplane will
generally exhibit a sharp peek in this frequency range. Enough datum
polints should be calculated in this reglon to insure an accurate repre-
sentation of the response.

A second characteristic of the method is the inaccuracy of equa-
tion (20) as ® —» 0 for the @ and ¥ modes of motion. The reason
for this lnsccuracy becomes apperent when the equation relaeting ¢
(or ¥) to Vg

¢ g C g Cy ¢
L@ =t + LB @+ 3 %(m) (51)
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1ls written in the form

S -1l8 ] g Cn g cx
vg(aa) kA [CZB + Bg(m)} + c an +E(w) + o CYB + Bg(oa)

S =1L
(52)

The first half of equation (52) now represents the steedy-state response
to a uniform change in slde gust over the sirplane. The second half
represents the sdditionsl response due to the nonuniform distribution
of the gusts over the alrplane. If the frequency-dependent expressions

for the transfer functions %, -C%’ and oy as glven by equations (26),
1

(% Crg + & Ong + & c-zB) [”’ S1(g) + L cm(m) +19!(w)]

(29), and (32), respectively, are substituted into equation (52) and the

coefficlents having thg same powers of @ are grouped —l(m) may be
8

expanded in the form Zammm) the coefficlent of the lowest order power

m=1
of o 1n the numerstor may be shown to be identicelly equal to zero.
In the numerical evaluations at low frequencles where the lowest order
terms of equation (52) (or the square of the absolute value of eq. (52))
gre predominaent, small differences between large numbers sppear unless
these terms are canceled beforehand. Since in the present method this
cancellation is not convenient, & scattering of calculated values for
- and vl beginsg to occur at some fregquency below that of the Dutch
e g
roll mode. However, since this scattering occurs only as % and %
epproach a constant (at ® = O), this constant may be evaluated and the
curve faired to that velue. In figures 3, 4, 6, 7, 9, and 10 this
felring 1s denoted with dashed lines. In the range of frequencles where
the response in ¢ and ¥ due to vg 18 faired, the totel response of

the three ailrplenes 1s due almost entirely to the Wg component of the
gusts. .

Effect of trim angle of atteck.- In anslyzing the motions of the
three example airplanes, the effect of small differences in trim-1ift
coefficlents or trim engles of attack appears to be importent. Although
the trim angles of attack for all three airplanes are low, their rela-
tive magnitudes are

B:A:C = 1:1.36:2.50
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Thus, airplane C was at an engle of ettack from two to two and a half
times es great as airplanes A and B. The stability derivatives for the
wing alone in incompressible flow are functions of angle of attack (end,
hence, 1lift coefficient) of the order (see ref. 20):

Czp = Constant .

Cnpq:a.

Clrc:d,

Op, = of and Cpg

The effect of increased angle of attack on the ratio of yewing moment to
rolling moment may be seen to increase by

Cnyp Cnp Cbo

p ir *

These retios may explain trends such as that shown in the case of air-
plane C for which the respomse in ¥ end B +to wg &t the higher

frequencies 1s primaerily due to the ability of Vg to produce yewing

moment, whereas for airplenes A and B the response is primarily due to
the ability of wg to produce rolling moment.

Effect of horizontal gusts.- While there is, in general, some cross
power (or cross correlation) between any two veloclty components measured
at any two points in the turbulence, only those components lying in the
XY-plane of the airplane are considered herein since the Z-gradients of
the gusts are unimportant to the airplasne. The alrplane will, however,
sense the correlation between the ug component acting at one point on
the wing (at any instant) end the vg component acting at some other
point on the wing or verticel tell (a vortex effect). It is the addi-
tionael effect of this correlation that Has been neglected in the method
of this paper. While this correlation is probebly small, the fect that
ug has a negligible effect on the alrplanes consldered is reason emough
for neglecting any cross-power effects involving ug. In ceses where
the ug component of guste does have a pronounced effect on the alrplane,

the contribution of the cross power must be determined or further justi-
fication be made for neglecting it.

Response characteristics of example airplanes.- The calculated
laterel responses of all three example elrplanes exhibited a number of
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charscteristics in common. Most important of these was the total motion
in each of the three degrees of freedom.

In each case the response in roll was due primarily to wg et low
frequencies, Vg near the Dutch roll frequency, end wg at the higher
frequencies. The response of the example eirplenes In yaw was due pri-
merily to wg at very low frequencles end due primarily to vg &t the
Dutch roll end higher frequencies. The response in f of the three
example alrplanes wes due primarily %o Vg throughout the frequency

spectrum.

Simplified Equations

Based on the three conventional example airplenes, certain simplifi-
cations to the response equetions (18) to (21) eppear to be justified.
For the low trim 1ift coefficlents (or angles of attack) investigated,
the effect of the horizontal gust (ug) wes not discernible in any of
the three modes of motion ((a) parts of figs. 3 to 11) and could have
been neglected. Furthermore, in every case investigated, the effect of
side force due to side gusts Gﬁ was negligible ((b) parts of figs. 3

g
to 11) apperently because of the magnitude of G!B and the megnitude of

the -%, %, and % transfer functions for the example airplenes;
however, these orders of megnitude are typlcal of most present-day
alrplsnes. Other parameters sppear to be negligible in some cases. When
computing the response of the asirplsne in sideslip, neglecting the effect
of wg as well as that of ug appears to be Justified. Although for some

cases, for example, eirplanes A and B, the effect of w&l’ eppears to be of
g
small order in ell modes, this effect is not generally true, as 1s shown

by airplene C. As pointed out in a preceding sectlon, the response in’
gldeslip was due primerily to Vg

In general, then, the preceding discussion leads to the simplifi-
cation of equations (18) to (21) as follows, where @ mey again be
replaced by any of the lateral degrees of freedom in the form of angular
displecements, velocities, or accelerations:

2
% w% %g (53)

¢¢=

2
+
°v-S
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and
8. 12912+|£2912+|£22g2 . 28 (c_z)*(&) R
Vg Cil |Valw G0 |Velr Vg|FT Ve /W\"g/FT
R O] o
Vg /m\Vg /P Cy/ Cy " VS.TCZ
2 2 2 2 ™ * 2
AN AR A ) Cmp l)i 3
v {CI + %) \Go + 2R T w("z & | (|%glw (55)

COMPARISON OF METHODS

Both airplanes A and B have been analyzed in other papers (refs. 6
to 9) at the same flight condition as that used herein for their responses
to stmospheric turbulence by using methods which trest gusts as egquiva-
lent motions of the slrplane in still air. These gusts are denoted as

side gusts By, rolling gusts D¢8 or -S;Q’. and yewing gusts Dy or

du

-a—;. The analysis of .airplsne A given in reference 6 is based on the
power spectra derived from the analysis of reference 9. Although the
analysis of reference 6 also incorporates & refinement by considering

the lag of the vertical teil penetrating the gust, the effect proved to be
negligible on such e small fast alrplane. Since in this enalysis (ref. 6)
the rolling gust effected only the wing, a comparison with the analysis

of this paper (where the vertical gust likewise affects only the wing)

may be made. Therefore, a comparison 1s made herein by using sirplene A
to 1llustrate eny differences in the results of the two methods.

Comparison of Gust Power Spectra

Since the power spectrum of the vg component of atmospheric turbu-
lence as used in references 9 end 6 and that used herein have in common

an ssymptotic value of k2 at lerge values (relatively speaking) of k,
the arbitrary constent A, given in references 9 and 6, is assigned a
velue such that the referenced vg spectrum end the vg spectrum of

this report are asymptoticelly congruent. With this same constant, the
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ow,
D¢g and -FE;; spectra are compared, and sll comperisons of the calecu-~

lated motions of alrplene A are likewise based on this same constent.

Side t8.- The power spectrum of side gusts expressed by eque-
tion Wﬂ written in the form

2
wls
ool
g _ s _ L u (56)
-2 o2/2 U oL \2] 2
Vg V‘g U 1+ (_
0)
is comparsble to that shown in figure 4 of reference 6 except for a
constent. ‘That 1s,
v ]
=&~ —e (57)
Vg
vhere
—2
g
A=K -2 (58)

Plotted in figure 12 are the side-gust spectrum given by equation (56)
and thet of reference 6 with the comstant K of equation (58) given the
value

K=EL.

= (59)

in order to get the agreement shown. Since both spectra are multiplied
by the factor I, this agreement is Ilndependent of the choice of magni-
tude for L.

Rolling gusts.- Similarly, the power spectrum of rolling gusts D¢g
used in reference 6 may be compered with the power spectrum of rolling
moment due to vertical gusts as given in reference 12 end used herein.
Since

R L P (60)

gy = 57 % (&)



and for ailrplane A, under the conditions comnsidered herein,

wlral 2

c?.p-é P

E(wg)

gy =

wvhere E(wg) 1s the curve of for B' = 0.03125 from

_-EICLpa/UB:t
reference 12, figure T(a). If °D¢g is expressed with the seme normali-
zation used for the side gust (see eq. (56)), then

g _ un E(srg) (62)
iy v e
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Equation (62) 1s plotted in figure 12 together with the power
spectrum of D@z given in reference 6 again with

2
2LV
a- 2k (63)

8ince the spectra of reference 6 are the same as those given in refer-
ence G except for e slight difference in frequency range, no difference
i1s shown in the plots except that the renge of data of reference 9 is
denoted with ticks.

ILikewlse shown In figure 12 is the spectrum for rolling gusts
as predicted by Decaulne in reference 8. The theory is based on the
assumption thet the variation of verticel gusts across the spen (awg/ay)

can be approximeted with a constent gredient (a linesr variation) and has

es a spectrum 2
sin @b cos <o
O (@) = 4, (a) 2 e L (6%)
dy (ﬁ) 20

which for smell values of w reduces to

2
(@ =t @) (65)
oy "
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Based on this theory, when w 1s less than the frequency corre-
sponding to a wavelength of L (a value of I of 1,128 feet used in
fig. 12), the vertical-gust spectrum will become a constant and the

deay spectrum will fall off to zero at the rate of o a8 o
approaches zero. This result 1s denoted by dashed lines 1In figure 12.

At the higher frequencles shown in figure 12, the calculated spec-
trum of reference 8 predicts selmost no sttenuation of rolling power of
the wing with frequency. The spectrum of the same quantity sccording
to references 9 and 6 would predict ap attenustion for the wing of air-
plene A, the attenuation begimning at ebout 8 radisns/sec with the power
falling off repldly thereafter. The more comprehensive theory of refer-
ence 12 shows & more pronounced attenuation of power over the plotted
frequency range although all theories have approximetely the seme value
et the frequency corresponding to the value of I.

On the besis of this comparison, the concept of constant gust gra-
dients ecross the span would appear to be insufficient, despite the

agreement in the reglon of the bresk frequency (a) = g) The more com-

prehensive theory of rendom gusts across the spen predicts no attenuation
below the bresk frequency such as 1s predicted by the theories of refer-
ences 9 and 6. At frequencles grester than the breek frequency, the
attenuatlion predicted by the two theories again becomes inconsistent.

Camparison of Iateral Response Power Spectra

With the assigned value for the constant A given by equation (63),
the responses of airplane A in @, ¥, and B, due to Bg end D;l‘g as
calculated in reference 6 (fig. 10(a)) are plotted in figures 13(a), (b),
and (¢), respectively. Also replotted in figure 13 are the responses
in @, ¥, and B of alrplane A due to Vg and Vg as obtained by the
more comprehensive method of this paper (Bo of ref. 6 is equivalent to
B of this paper). Since reference 6 did not consider the ug caomponent

of gust wvelocity, no comparison is made of the contribution of this
component. Flight conditions are the same in both cases.

In reproducing the frequency-response calculastions of reference 6,
the calculated tremsfer functioms of ¥/Df; were found to be in error;

however, this error dild not affect the conclusions made therein. The
power spectral response of (t)D¢s shown in figure 13(b) has therefore

been corrected and plotted for a somewhat larger fregquency range than 1s
given in reference 6. In the extended frequency renge the D¢g spectrum

which would be predicted by equation (65) is used.
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At the lower frequencies the differ'ences in the response of the
airplane due to side gusts ss calculated by the two methods are due
principally to the differences in the spectra of side gusts used by the
two methods, es shown in figure 12. In the intermediate frequency range
where the Dutch roll mode is predaminant, a large difference in peak
amplitudes 18 indicated by the two methods. This difference appears to
be dque to fatlure to evaluate the transfer functions at the exact fre-
quency at which the Duteh roll mode hag maximum frequency content
(on = 3.16 rediens/sec for ref. 6 as compered with ap = 3.08 radiens/sec
for this peper). In power spectral analyses where freguency amplitudes
ere squared, this factor can result in appreciable differences, as demon-
strated in figure 13. :

In the higher frequency range the differences in the theories are
more pronounced since in this range the calculated effectiveness of the
vertical gusts acting on the wing to produce lateral moments differs
with the two theories. As polnted out in reference 11, the distribution
of gust velocities slong the fuselage bégins to become en important factor
in calculsting the yawing moment and sicj.e force due to side gusts in this
frequency range. -

CONCLUDING REMARKS

By resolving the gust velocities of random isotroplc atmospheric
turbulence into three components alined with the stabllity axes of an
alrplane, the lateral forces and moments on the airplane and the resulting
lateral motions of the airplane have been derived. The method involves
the computation of the statistical forces and moments experienced by the
eirplane due to isotropic turbulence having rendom veriations along the
fuselege end scross the wing span. On the basis of these gust-induced
forces and moments referenced to the center of gravity of the airplane,
the power spectral response of the alrplane in any lateral degree of
freedom (be it displacement, velocity, or ascceleration) may be computed
by using the appropriate transfer functions of the alrplane. Since the
gust velocities, the forces, and the moments are defined along the flight
path in terms of their statistlical averege, the reésulting motions are
defined in terms of thelr power spectra, the meen-square value of the
gust velocities, and the scale of atmospheric turbulence.

By using this method, calculations have been made on three alrplenes,
wvhich differed in size, experiencing contimuous atmospheriec turbulence
vhile in a trimmed condition of low angle of atteck. On the basis of
these examples, certain possible simplifications to the equatlions have
been brought out. Primery smong these are the negligible effect of hori-
zontal gusts ug end the minor contribution of side force in computing
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the motions. In general, then, the lateral motions st low trim engles
of attack are due. primarily to the ablility of the side gusts vg end

vertical gusts Vg to produce yewing end.rolling moments on the airplane.

With regerd to lsteral motions the present method of considering
random veriations of the gust velocltles along the fuselage end ecross
the span is a concept hitherto only approximated with conetant gradients
of gust veloclty or completely lgnored. Such approximetions do not
appear to be justified for gusts having wavelengths shorter than twice the
span or fuselsge length of the airplane. Although these less comprehen-
sive methods correctly predict the trends in the vieinlty of the Dutch
roll mode of the sirplane, they lead to the erromecus conclusion that
the power spectra of the lateral motion due to the unsymmetricsl compo=-
nents of the gust across the span (bwg/ay and Bug/ay) fall off to zero
gt wevelengths greater then the integrsl scale of the turbulence. The
megnitude of difference between the methods increases with freguency
gbove the Dutch roll mode since in this genersl region of frequencies
the short-period (with respect to the size of the airplane) rendam veris-
tions of gust wveloclty slong the fuselsge and across the spsn have a
predominant effect on the moments and motions of the alirplane.

Langley Aeronsutical Teboratory,
Netional Advisory Committee for Aeronsutics,

Iengley Field, Ve., January 18, 1957.



4o NACA TN 3954
AFPPENDIX A

PROOF OF POWER SPECTRAL AND CROSS-POWER
SPECTRAL RELATTONSHIPS

The physicel and theoretical aspects of statistical methods of
analyzing dynamic systems (generallized harmonic esnalysis) have been
treated in a number of excellent papers. (Among these esre refs. 13,

14, and 21.) The followlng definitions and proofs are purely e mathe-
mgtical means of utlilizing the statistical concept and should be treeted
as useful supplements to the referenced statisticel theory.

Consider the simple equation

=2 8
0=gd+27 (A1)

where 0, B8, amd 7 are complex varisbles and 6/8 and 8/y are
complex transfer functions such that

8 = Ry + 1T, 8 _ |gle1¢(e/a)
8 = Ry + 1Tg ° I® [ (A2)
8 _ |8]1#(8/7)
7= Ry +1Iy r 7
~7

With the use of an asterisk to denote the conjJugate of a complex q_uan-
tity, 1t is also true that

% #* *
o = (g) 5 +(2) 7 (a3)
Thus
*=eg** ﬂﬂ** 9_9_** ﬂg**
% 3(5)86 +7(7)77 +3(7)67 +7(8) 57

A1 I3 BYe K e
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By expansion in terms of equations (A2) 1t may be seen that
* (5*7)*
-

end, in fact,

ea* ¥* 9*9 * |®

= = 2\ 2 A

3 - (e 5
Since the sum of a complex number and its conJugate is equal to twice the
real pert, that is,

(R +1I) + (R - 1I) = 2R

then the substitution of equation (A5) into equation (Ah) yields

o ] e

It is equally true to write

* » * %
a[(§'s ) - =l
so thet elther form may be used.

Dividing both sides of equation (A6) by T and taking the limit
of the statistical veriables ms T epproaches Infinity give the form

1im 1|e|2 Ia 2r[(8V8 14m Lg.

= + =8

Tyew T |5| Ty T l l T-mTl l (S)TT_WT 7
(a8)

where, by the definitions of equations (5) emd (6) of the text, equa-~
tion (A8) is equivalent to

0= |3 + fo's, + ()" @s,,] (x9)
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If the two varlebles y and 8 are statistically independent,
their cross power is zero. TFor equations with more themn two verilables
the process 1s identical and, of course, ylelds more terms. For an
equation whose solution is a function of .m variables, there will

result m power-spectrum terms and (n-1) cross-power terms in the

n=1
form of equation (A9), or in the equivalent form

2 0 2. 8/9 *
05 + |;| 07 + -8-(-;) @75 (AlO)

based on the identity of equation (AT7).

-]
¢9=‘3

For the cross spectrum between two statistical varisbles not
appearing in the same equation, consider the equations

9 =2

o)
3-5+-7-7

and

€ €
D= G - All

vhere the complex varisble ¢, in addition to the definitions of equa-
tion (A2), is defined by

e = Ry +1I, (a12)

Multiplying equstion (A3) by equation (All) éives

* o\ ¥ _* 9)*€ * g)*e * a\¥e *
] S =] = 8 -—] - - - -— ] -
€ (5)55 +(7 7"“(6 78“(7)575 (a13)

where the id.entity
Iy * * I Y * *' *

msy be proved by the use of equations (A2) end (A11), so that

RO RO e B
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Dividing both sides by T and teking the limit of the statistically
dependent variables es T approaches infinity yleld

e 3= @5 am 1ol (O em, A7 (85 2

T oo Ty o
(A16)
By the definitlion of equations (5) and (6) of the text, equation (Al6)
becomes
e *e 0 *e e *e
wr @t @e (0] o

where agein the identity
*

al(2)'s o] = a{2e)"s

mey be used in equation (Al7) when desired. As before, &yg = &5y = O

wvhere 7 and & are statlistlcally independent; but, in general, vwhere
the two equations are both functions of m veriebles, there will result

m power-density terms and (n-1) cross-power terms.

n=
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APPENDIX B

REIATIONSHIP BETWEEN POWER SPECTRA OF ATRPLANE FORCES AND

MOMENTS AND POWER SPECTRA OF GUST VELOCITIES

Consider the system defined by equetion (2) of the text, which is
rewritten here for convenience in the matrix form

o - [l &

where Cj 1s a force or moment coefficlent (Cy5 Cps or Cy) and ayy
is a transfer function relating CJ to u,. The gust velocities uy,
up, end Uy (4, vhere m = 1, 2, or 3) are the three orthogonal velocity

components of isctroplc turbulence, end the cross power between any two
conrponents 1s zerco; that 1s,

°ulu2 = °ueu3 = °u3ul =0 (B2)

In the power-spectral domein (see appendix A) the first equation
of the system is defined by

o, = |a.:|_'|_|2¢ul + [a12|2°u2 + |a13i2¢u5 +
2R (8118100, u, * @10 8150, + 313*3u°u3u1) (B3)

All the cross-power terms of equation (B3) are zero. The other equa-
tions yleld similar results; therefore, the system is defined by

frf - )

which is the result given by equation (9) of the text.
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Now consider the cross-power terms of the CJ matrix, where, for
instance,

1l =
%10 = %{’mﬁ C17C2

*
Lim iazmum iaan"m
Teyoo

m=1 m=l

3 3
1
= Um 3 IEL1::1*"11:32 8oy

T
= m=l m=1

;
1]
:
;
|

j

involving ul*ue, u2*u3 s and so forth (B5)

In the limit, then
3
%, c, = Zam*aam Ln 7wy + 0
m=1
3
= z &lm &2m Pup (B6)
m=1

vhere by definition

cimly el |2
Sy = Ll 3 "y = Lim 2 [ (27)
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A similar derivation for the other two cross-power combinations yields
similar results; therefore, in genersal,

{%J"k} - [“Jm*am] {"“m} (3fx)  (s8e)

where Ck 18 also a.force or moment coefficlient and 89em 18 a transfer
function relating Cx to up, and

{"Ca"k} - [laamlz]{%} (k)  (880)

Equation (BBb) 1s seen to be identical to equation (Bt). In expended
form, for the cese consldered

s T 1 )

( * * *
%,0o| %11 821 812 822 213 8ozl %y,

1 O,Csf = epl'es1  Bpp'ezp - Bp3 ey %xrgr (B9)

¥* * *
%o50y), [Par e B2 f12 o33 fas) (A,

In the terms of equation (2) of the text, this result 1s equivalent to
equation (10) of the text. Furthermore, other equslly correct arrange-
ments are possible, since

T

{%kcj} = [E-Jm&]m*: {%} (3#x)  (BlOD)
y

RN S

Equation (BlOe) is identical to equations (BL) and (BSD).
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TARIE I.- FLIGHT CONMDIEIONS AND STAEICTTY DERTVAYTIVES OF EXAMPLE AXRFIANES

(a) Flight conditions

A

30,000

696
12,600
.o 50
0.2k42
. 0
0.0%586

(b) Btability derivatives

Stabllity derivative,

0.01k85

0.050k
- -0.00062
et e e aine -0.45

e s e e s 0.0L40

-0.11
-0.035
=0.1%
0.12
-0.013

cru"""""

P 0.225

et e s e -0.58
e v a s e e k.13

0.0158

0.0300
-0.00138
-0.k875

0.1055
-0.1084
-0.0308
-0.10k1

0.0831

~0.T63
554

0.0311
0.072

-0.kk
0.149
0.1k
-0.0275
-0.156
0.12

-0.61

5.38

w

€
“’-l
.
.
.
.
.
-
.
.
.

0.0208
~0.055
-0.0666
0.006

0.05%%
=0.052
-0.0876
0.01

=0.35T

0.242
0.129

-0.0418

-0.38%

0.8

-0.052k

k9



TABLE ITI.- PHYSICAL DIMENSIONS.

OF EXAMPLE ATRPLANES

Alrplane
Dimenslon

A B c
Dy, £5 ¢ o 0 o e e 35.25 TO 116
8,8qgft .. ... 250 540 | 1,428
Sp, ea £t . . . . . 55 1 T1.35 230
A o o v 0o o v o o ll"98 9-07 9-)'1'
T'ydeg o o ¢ o o k.0 4.50 3.6
7\ s & a e o 0.1].6 0.’4-5 0.)-1-2
T bk T.0 13.0
Zt, f‘b s ® ® s s lh‘os 27-6 l|'6.6
Xg, £t . 18 | 15.25 48.5
X, £ ... ... 5.7 22.0 | 36.6
o B8 0 0 ... 20 29.4 51.6
8gs £ . . . . .. 2.7 3.0 5.3
R o J 8.5 10.6 18.5
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(&) Turbulence structure and mean orientation
of stablllty axes of ailrplane.

Figure 1.- Sign coonvention and stability axes of airplane flying through
atmogpheric twbulence,

HGEE MEL VOVN




s‘aurth

(b) Instenteneous orientation of stability axes of alrplenme with respect
to earth and body axes. Positive sense of axes, velocltles, and angles
1s indicated by arrows.

Fgure 1.- Concluded.
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Figure 2.~ Power spectral demnsity of u, v, and W components of homogenecus isotroplc turbulemce

a8 pensed st single point in turbulence.
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(e) Components and sum of components of power spectral density of roll
angle due to three components of gust veloclty.

Figure 5.- Response in roll angle of alrplane A flying through continuous
atmospheric turbulence.
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(b) Roll angle due to forces and moments induced by Vg and Wg components
of gust velocity. Shown are sum and relative magnitudes of parts.

Figl]x‘e 5 [ Rl Cond.llﬂ.ed.
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(e) Components and sum of components of power spectrel density of yew
angle due to three components of gust velocity.

Figure k.- Response in yaw engle of airplene A flying through continuous
atmospherie tprbulence.
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(b) Yaw angle due to forces and moments induced by Vg and L . components
of gust veloclty. Shown are sum and relative magnitudes of parts.

Figure L.- Concluded.
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(a) Components and sum of components of power spectral density of side-
slip angle due to three components of gust velocity.

Figure 5.- Response in sldeslip angle of eirplane A flyling through con-
timous atmospheric turbulence.
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(b) Sideslip angle due to forces and moments induced by vg end
L7 components of gust velocity. Shown are sum and relative

mgnitudes of parts.
Flgure 5.- Concluded.
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(a) Components and sum of components of power spéctra.l density of roll
angle due to three componernts of gust veloclty.

Figure 6.- Response in roll angle of &irplene B flying through contin-
uous atmospheric turbulence.
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(b) Roll angle due to forces and moments induced by Vg and Vg components
of gust veloclty. Shown are sum and reletive megnitudes of parts.

Figure 6.- Concluded.
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(a) Components and sum of canponents of power spectral density of yew
angle due to three components of gust velocity.

Figure T.- Response in yew angle of alrplene B flyling through continuous _

atmospheric turbulence.
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(v) Yaw engle due to forces and moments induced by Vg and Wg components
of gust veloclty. Shown are sum and relative magnitudes of parts.

Flgure 7.~ Concluded.
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(a) Components end sum of components of power spectral density of side-
slip angle dve to three camponents of gust velocity.

Figure 8.- Response in sideslip angle of airplene B f£flying through
continuous atmospheric turbulence. -
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(b) Sideslip sngle due to forces and moments induced by Vg end |
wg componente of gust veloclty. Shown are sum and relatilve
megnitudes of parts.

Figure 8.~ Concluded.
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(a) Components and sum of components of power spectral density of roll
angle due to ‘three components of gust velocity.

Flgure 9.~ Response in roll angle of airplane C £flying through
continuous atmospheric turbulence.
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(b) Roll angle due to forces and moments induced by vg and
Wwg components of gust velocity. Shown are sum and relative
magnitudes of parts.

Flgure 9.- Concluded.
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(a) Components and sum of components of power spectrsl density of yew
angle due to three components of gust velocity.

Figure 10.- Response in yaw angle of airplane C flying through
continuous atmospheric turbulence.
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(b) Yew engle due to forces and moments induced by vg end
Vg components of gust veloclty. Shown sre sum and relative

magnitudes of parts.
Filgure 10.- Concluded.
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(a) Components snd sum of components of power spectral density of
slip angle due to three components of gust velocity.

Flgure 1l.- Response in sideslip angle of alrplene C flying
through continuous stmospheric turbulence.
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(b) Sideslip angle due to forces and moments induced by vg and
Vg components of gust veloclty. Shown ere sum and relative

magnitudes of parts.

Flgure 11.- Concluded.
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(a) Power spectrsl response in roll angle @ of airplsne A.

Flgure 13.~ Coampsrison between the latersl responses of airplane A in
gtmospheric turbulence gs determined by method of present peper and
method of reference 6.
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(b) Power spectral response in ysw angle ¥ of elrplene A.

Figure 13.- Contlmoued.
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(c¢) Power spectrsl response in sideslip angle B of alrplane A.

Figure 13.- Concluded.
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